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Abstract 
Complex network theory (CNT) is an expanding science whose basis are the concepts of graph theory. 
CNT deals with analyzing networked systems considering vertex exchanging information by means 
of edges, eventually considering connections strength using weights. The importance of a vertex is 
determined by its degree, position in the network and connections strength. Therefore, all the vertices 
have the same intrinsic relevance in the network and the connectivity studies attribute the relevance. 
Nevertheless, the identical relevance assumption does not allow analyzing systems where some 
vertices represent strategic physical locations (e.g. hospitals, administrative building, schools, water 
and energy sources, etc.) or representative persons (e.g.  presidents, prime ministers, intellectuals, 
etc.) for which the relevance cannot be derived from the connectivity network structure without 
embedding the information about the vertex intrinsic relevance.  
Therefore, the aim of this effort is expanding CNT tools to analyze networked systems introducing 
the vertex intrinsic relevance.  
As example the embedding in the Betweenness the vertex intrinsic relevance will be used. The 
Florence family’s network and a simple supply network will allow showing and discussing the 
increasing of CNT analysis features. 
Introduction 
CNT was born with Euler (1741) more than two century ago establishing the mathematic field that 
today represents an important branch of mathematics, named graph theory. Today the graph theory 
drives the basis of the CNT about the network studies, being able to analyze and predict the behavior 
of a wide variety of complex systems. In fact, CNT is an emerging paradigm allowing to study, from 
physicals to socials, to biologicals, to infrastructural, etc., networked systems. The increased 
computational power and information availability play a significant role in the rapid growth of CNT 
tools for the network classification and community detection, vertex relevance/centrality assessment, 
vulnerability, spatial and temporal evolution, etc. (Erdos and Rény, 1959; 1960; Freeman, 1977; 
19779; Bonacich, 1987; Watts and Strogatz, 1998; Barabasi and Albert, 1999; Borgatti, 2005; Latora 
and Marchioni, 2005; Boccaletti et al., 2006; Barthélemy and Flammini, 2008; Cadini et al., 2008; 
Newman, 2010; Barthélemy, 2014; Barthélemy, 2018; Benzi and Klymko, 2015).  
Freeman’s work (1977) is the first comprehensive study of the vertex topological relevance, 
introducing the idea of ranking them. Freeman (1977) identifies three main factors influencing the 
vertex relevance:  
- The degree as capability to spread information because of the number of local connections, 
adjacency to vertices. 
- The position in the network as importance of the vertices for the global exchange of 
information into the entire system; the betweenness centrality is one example. 
- The connections strength, which identifies preferential shortest paths into the network 
together with the connectivity structure.  
Nevertheless, the experience on networked systems indicates that not all vertices have the same 
intrinsic relevance, for example, strategic physical structures (e.g. hospitals, schools, administrative 
buildings, water and energy sources, etc.) in urban networks; representative institutional positions 
(e.g. rector of the university, presidents, prime ministers, etc.) in social network; influencer 
(considering Instagram or Facebook), celebrities (actors, footballer, singer, etc.) in social media 
network; etc. Whilst, at date CNT assumes equal vertices intrinsic relevance, which cannot allow the 
effective network analysis considering the variability of vertex intrinsic relevance, as the networked 
systems indicate. For example, some people can act as influencer because of their activity in social 
media, while others are influencers because of their intrinsic formal relevance or reputation, with a 
low activity in social media. In the first case the influencers are characterized by high degree 
connections and original CNT tools can quantify relevance. In the second case, they are characterized 
by lower degree of connections and the influence derives from their reputation, institutional 
commitment, etc. and the original CNT tools cannot correctly quantify the actual relevance (Giustolisi 
et al., 2019). The water and energy networks are another example of system asking for embedding 
the vertex intrinsic relevance because the vertices representing water or energy sources are relevant 
independently on the previously reported factors.  
Also, the analysis of citations could be enhanced considering the vertex relevance because the 
references from more important researchers are intrinsically more relevant. 
Therefore, the information about the vertex intrinsic relevance needs to be embedded into CNT tools 
to work with topological-based features to enhance network analysis. The proposal of relaxing the 
assumption of identical vertex intrinsic relevance of CNT aims at expanding its features and tools as 
will be demonstrated in this paper using the Betweenness centrality. This way, it is possible to analyse 
the same network from different points of view by changing the intrinsic relevance of the vertices, 
expanding the CNT analysis features.  
Notice that the proposal of embedding the intrinsic relevance open the issue of the relevance 
quantification (Leung et al, 2011; Heitzig et al., 2012; Topirceanu et al., 2018; Amano et al., 2018) 
which is out of the scope of the paper, although addressed for the case studies presented in the paper. 
Furthermore, the use of Betweenness to embed the intrinsic relevance and discuss it using different 
analysis referring to a social network and a water supply network does not impair the generality of 
the proposal, which could be extended to other CNT analyses and tools.   
The paper is organized as follows. The next section recalls the standard Betweenness centrality and 
embeds the vertex intrinsic relevance in the network analysis. In the third section the novel 
Betweenness is applied to two case studies related to the Florence Families network and to an Apulian 
water supply system. Concluding remarks are draw in the last section. 
Embedding vertex intrinsic relevance in network analysis: the case of Betweenness 
Anthonisse (1971) proposed the first formal definition of the Betweenness, but his work was never 
published and Freeman (1977, 1979) introduced it later one.  
Given two nodes s and t, m topological shortest paths exist between them. The Betweenness assigns 
the fraction of those shortest paths traversing a vertex v and it is the sum of those fractions for all the 
couples of vertices (s, t) in the network traversing a vertex v,  
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where B(v) is the Betweenness of the vertex v, s,t(v) and s,t are the number of shortest paths 
traversing the vertex v and the total number of all shortest paths, respectively, for the couples of 
vertices (s, t) belonging to the network N.  
Similarly, the Edge Betweenness is the sum of the fractions for all the couples of vertices (s, t) in the 
network traversing an edge e, 
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where EB(e) is the Betweenness of the edge e, s,t(e) is the number of shortest paths traversing the 
edge e for the couples of vertices (s, t). 
Notice that the concept of fraction vanishes assuming edge weights, when the connections strength is 
considered, because statistically speaking only one shortest path exists between each couple (s, t). 
In this case, it is possible to write, 
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where the Kronecker's δ function value is unitary if the vertices v (or the edge e) is member of the 
shortest path Ss,t and zero otherwise. Therefore, Figure 1 reports the picture of the original 
Betweenness given a shortest path between two generic vertices s and t, which means that when 
vertices and edges are traversed the Betweenness has a unitary increasing. Notice that the unit values 
can be explained as referred to the assumption of unit intrinsic relevance for s and t.  
 
Figure 1. Original assignment of the Betweenness to internal elements of a shortest path. 
 
Then, introducing the concept of intrinsic relevance, Rv (v=1, …, n) where n is the number of vertices, 
Figure 2 reports the picture of the original Betweenness given a shortest path s and t, assuming Rs = 
Rt = 1. 
Figure 2. Original assignment of the Betweenness to internal elements of a shortest path introducing Rv. 
Let know relax the assumption of equal relevance, Figure 3 reports the new picture, where the 
function f(Rs,Rt) accounts for the fact that the relevance of the shortest path depends on the relevance 
of the vertices s and t, i.e. each element of the path, vertex or edge, increases the Betweenness 
depending on a given function of the relevance Rs and Rt.  
 
Figure 3. Proposed assignment of the Betweenness to internal elements of a shortest path. 
Then, the formulation of the Betweenness embedding the intrinsic relevance becomes, 
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Or, considering the most general case of Eqs. (1) and (2), 
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The next issue is the characterization of f(Rs,Rt), that is the selection of functions, which are consistent 
with the aim of extending the original Betweenness. To this purpose, let assume three functions: (i) 
f(Rs,Rt) = (Rs + Rt)/2; (ii) f(Rs,Rt) = max(Rs, Rt) and (iii) f(Rs,Rt)  = Rs∙Rt.  
Notice, for Rs = Rt = 1 the functions share the characteristic of providing the same results of the 
original Betweenness. In other words, they are three of a larger set of functions for which the proposed 
Betweenness embeds the vertex intrinsic relevance being an extension of the original one. 
The key issue is the expectation that each of the function can identify different sets of centrality 
vertices or edges with respect to the original Betweenness emphasizing in a different way the role of 
the vertex relevance, as will be demonstrated in the case studies later in the paper. 
For example, in the case of networks characterized by a source supplying water or energy to vertices, 
the relevance is the summation of the supplied water and energy for the sources and the demand for 
the other vertices. This way, the source vertices relevance is embedded, otherwise the analysis is 
distorted by the fact that sources are important because of the supplied flux of information, but it is 
not represented by the corresponding vertex degree or position into the network, as quite always 
occurs, e.g. in water systems (Giustolisi et al., 2019). 
However, the source vertices case is not the only one; in fact, it is possible to argue another 
occurrence: source vertices does not exist and the importance of a vertex is not only related to its 
degree and position into the network or connections strength, but also to the intrinsic relevance of the 
object the vertex is representing. This is the occurrence of a social network where the opinion leaders 
could be for example institutional or intellectual persons. 
The two reported cases can be generalized considering a third case mixing the need of considering 
source vertices, which are the origin of the information flux delivered to vertices, and a specific 
relevance of some of them. For example, a vertex of a water or energy network could represent a 
hospital or school having the intrinsic relevance beyond the specific demand. 
The aim of this work is not to discuss the entire possible cases, but to support the argued need of 
expanding CNT embedding vertex relevance using as example the Betweenness, without impairing 
the generality of the proposal. 
Another issue is the storing of the intrinsic relevance; a possible way is to consider the diagonal 
elements of the graph adjacency matrix. It generates a cycle around each vertex accounting for the 
intrinsic relevance and the shortest path relevance is loaded by passing through these cycles before 
and after running across the path s, t. 
Finally, it is important to clarify that the intrinsic relevance is different from the edge weights, 
accounting for connections strength, which are stored in non-diagonal elements of the adjacency 
matrix. The edge weights, together with the network topology, determine the shortest paths, while the 
vertices relevance influences the importance of the shortest paths.   
Florence Family network and Apulian water supply system 
The strategy of embedding the vertex intrinsic relevance described in the previous section is here 
applied and discussed using the Betweenness and the following networks: 
1. The Florence family’s network to show the occurrence of vertex intrinsic relevance without 
sources. 
2. A simple water supply network to show the occurrence of a vertex source of flux (water) 
whose relevance is the sum of the demands supplied to the other vertices, whose relevance is 
the demand itself. 
3. The network of the previous case, increasing ten times the relevance of a single vertex 
assuming a specific consumer (e.g. hospital). 
 
The Florence families  
The Florence network is composed of 17 vertices, which represent the most notables Renaissance 
families, and 23 edges, which represent the existence of a marriage; therefore, the network is not 
weighted. Figure 4 reports the original Betweenness (same vertices relevance), i.e., the Betweenness 
has unitary increasing when a vertex or edges is traversed. Then, the edge and vertex Betweenness in 
Figure 4 report the relative importance of families, ranked in [0; 100], and of the marriage links, based 
on the topological features of the network. Guasconi results the most important and the most 
important marriage link is between Peruzzi and Castellani. 
 
Figure 4. Original Betweenness with same vertices relevance for Florence family network. 
 
Nevertheless, it is well known that Medici was the most important family in history books. Therefore, 
or the history books fail, or we miss an information during the CNT analysis. Let assume that this 
information is the gross wealth of each family, which influence the importance beyond the marriage 
links. Therefore, the intrinsic relevance has been evaluated as the sum of marital, trade, partnership, 
bank and real estate relations and it is quantified in florins (Ansell, 1993).  
Figure 5 reports the novel Betweenness, embedding the family intrinsic relevance in florins, whose 
value is reported in parenthesis below each family. The families intrinsic relevance weights the 
shortest paths between each couple of families using the function f(Rs,Rt) = Rs∙Rt, as example. Then, 
the edge and vertex Betweenness of Figure 5 report the relative importance of families, ranked in [0; 
100]. Now, Medici is identified as the most important by the CNT tool, furthermore, the marriage 
link between Medici and Guasconi is the most important.  
 
Figure 5. Novel Betweenness embedding the family intrinsic relevance in florins for Florence network. 
The assumption of the function f(Rs,Rt) = Rs∙Rt works better than the others because it emphasizes the 
shortest paths between couple of richer families. In fact, although the Medici is only the fifth richest 
family, it is always traversed by the paths between the four out of five richest families (Medici 
excluded). Notice that the relevance of Medici derives from the fact that the four families are not 
linked by marriages, i.e. Medici represents the shortest connection between them.  
It is worth noting that Medici has not the highest intrinsic relevance, but it results the most important 
as centrality in the network. Finally, the most important marriage (between the Medici and Guasconi) 
explains and supports the centrality of Medici. 
 
 
 
The water supply network  
The water supply network is composed of 24 vertices, which represent 23 demand nodes and 1 source 
node, and 34 edges, which correspond to pipes responsible for flow (water) distribution. The network 
is weighted with the pipe length. Differently from the previous case, the classic concept of centrality 
is here referred to edges, which represent the relevant components for distribution systems (Giustolisi 
et al., 2019). Figure 6 reports the original Edge Betweenness where all vertices (demand and source 
nodes) have the same intrinsic relevance, i.e. the Edge Betweenness provides a unitary increasing 
when an edge is traversed. The relative importance of edges is only based on the topological features 
of the network and results are ranked in [0; 100]. The most important edges are those between vertices 
3-9 and 6-7.  
 
Figure 6. Original Edge Betweenness, with same vertices relevance, for the water supply network. 
However, it is well known that the most important edge is those one connected to the source node, 
i.e. pipe 1-24. Again, as in the previous case study, we are missing some information during the CNT 
analysis, in particular the intrinsic relevance of the source vertex (node 24), which supplies water to 
23 nodes. Let assume that the intrinsic relevance is the demand, reported in parenthesis close to each 
vertex in [l/s], and that the source node intrinsic relevance is the sum of demands. Figure 7 reports 
the novel Edge Betweenness, embedding the intrinsic relevance for all vertices assuming the function 
f(Rs,Rt) = Rs∙Rt, again. Now, the Edge Betweenness reports the relative importance of edges, ranked 
in [0; 100] and, in this case, the edge 1-24 results the most important, consistently with the hydraulic 
engineering knowledge.  
 
Figure 7. Novel Betweenness embedding the vertices intrinsic relevance for the water supply network. 
The water supply network with a strategic consumer 
Let consider the same water supply network analyzed in the previous case study also assuming the 
presence of a specific consumer. Without losing the generality of the procedure, let assume that a 
hospital corresponds now to the vertex 13, and that its intrinsic relevance is ten times of the demand. 
The source node also embeds this increase in relevance relating to the vertex 13. Figure 8 reports the 
novel Edge Betweenness also embedding the new intrinsic relevance of the hospital, again assuming 
the function f(Rs,Rt) = Rs∙Rt. The edge 1-24 results again the most important. The main path is 
identified by nodes 24-13 and not 24-8, as for the previous case. This because the new intrinsic 
relevance, weighting the shortest paths between each couple of vertices using the function f(Rs,Rt) = 
Rs∙Rt, emphasizes the shortest paths between couple of relevant vertices.  
 
Figure 8. Novel Betweenness embedding the vertices intrinsic relevance of the hospital.  
Discussion and perspectives 
The aim of the present effort is to demonstrate how the information about the intrinsic relevance of 
vertices needs to be embedded into CNT tools to enhance network analysis, starting from the fact that 
not all vertices have the same intrinsic relevance, i.e. some elements are much more relevant than 
others regardless of topological factors.  
The identical relevance assumption, also considering that the original CNT tools are only based on 
topological factors, involves a loss of information about the strategic vertices (e.g. hospitals and water 
sources for urban networks, representative persons in social networks, etc.) and, therefore, the 
ineffectiveness of the network analysis.  
Therefore, the proposal is to assume a different intrinsic relevance of the vertices, which supports the 
argue need of expanding CNT tools using, as example, the Betweenness. Extending the CNT analysis 
functionalities is useful in order to analyse the same network from different points of view by 
modifying the intrinsic relevance of the vertices. In fact, consistently with the aim of extending the 
original Betweenness, the characterization of a set of three functions allows to identify various sets 
of centrality vertices or edges, highlighting differently their relevance.  
The present effort creates the basis for further extensions, insights and proposals, both about the CNT 
centrality metrics and the functions to be used with respect to the specific task to pursue, i.e., the 
proposal could be extended to other CNT analyses and tools and would pave the road to investigate 
and analyse the real networked systems in a new perspective. 
 
Conclusions 
The present work introduces the concept of vertex intrinsic relevance in the network theory. The aim 
has been the extension of CNT tools in order to analyze real networked systems also embedding the 
intrinsic relevance of vertices with their topological characteristics.  
In this way, the same tools for analysing the characteristics of the networks are extended to allow 
more effective assessments in situations where vertices do not have the same relevance. The 
embedding has been applied, using the Betweenness centrality, to the social network of Florentine 
marriages and to a simple distribution network. Results shown the increasing of CNT analysis 
features, i.e. the effectiveness of the proposed embedding.  
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